Abstract: We present a nonlinear symplectic map that describes alterations of the magnetic field lines inside the tokamak plasma due to the presence of a robust torus (RT) at the plasma edge. This RT prevents the magnetic field lines to reach the tokamak wall and reduces, in its vicinity, the islands and invariant curves destruction due to resonant perturbations. The map describes the equilibrium magnetic field lines perturbed by resonances created by ergodic magnetic limiters (EML). We present results obtained for twist and non-twist mappings derived for monotonic and non-monotonic plasma current density radial profiles, respectively. Our results indicate that the RT implementation would decrease the field line transport at the tokamak plasma edge.
INTRODUCTION
Plasmas are confined in tokamaks within magnetic surfaces partially destroyed at plasma edge by resonant perturbations i . Under those circumstances, the plasma confinement is improved by the onset of internal transport barriers (ITB) that reduce the field line transport along the destroyed magnetic surfaces ii iii . Such barriers, created by natural magnetic perturbations, electrical currents in external coils and wave or beam injection iv v , are expected to be relevant to accomplish the controlled fusion in the tokamak ITER in construction under an international collaboration vi . In this work, we investigate the alterations of the tokamak magnetic field lines, as those observed around an ITB, by introducing a strong barrier called robust torus (RT), an invariant torus in a specified radial position of the phase space located at the plasma edge vii viii ix related to an ITB. We compare the alterations caused by the RT in two kinds of magnetic configurations, a twist and also a nontwist equilibrium magnetic field, perturbed by resonances x . A perturbing Hamiltonian describes these resonances from resonant fields created by ergodic magnetic limiters (EML) xi , which partially destroy the magnetic surfaces at the plasma edge.
Thus, the resulting Hamiltonian will have a term representing the equilibrium magnetic surfaces and another one representing a resonant perturbation. There is a prefactor in the perturbative term, which will add a RT at the plasma edge near the resonances. The non-perturbed Hamiltonian is an integrable system described by an analytical solution of the non-linear Grad-Shafranov equation. On the other hand, the perturbations are generated by a helical electric current applied in the EML, poloidally distributed in toroidal sections of the tokamak xii , which creates a region of chaotic magnetic field lines at the plasma edge.
HAMILTONIAN APPROACH
The equilibrium Hamiltonian, H 0 , exhibits toroidal symmetry and hence it does not depend on the toroidal angle  which will be chosen as the canonical time t. The Poincaré section is taken at a fixed value of this toroidal angle . So, H 0 is given in terms of the canonical action J, corresponding to the toroidal normalized flux, and ϑ the poloidal angle canonically associated to J xiii . On the other hand the perturbing Hamiltonian will be a function of J, ϑ and t, and it will be represented by means of a Fourier series of deltakicks xiv . Another Hamiltonian method has been numerically applied to create barriers to magnetic field lines diffusion in tokamaks by a small dynamical modification of the magnetic perturbation xv . This method of control was experimentally tested on a beam of electrons produced by a long traveling wave tube that mimic beam plasma interactions xvi . In our approach, we want to investigate the effect that a RT, close to the tokamak wall, causes when placed near the main resonances created by the EML. Hence, we expand H 0 around a magnetic surface with action J 0 and frequency  0 =n/m where  0 is equal to the inverse of the safety factor q and n and m are integers. In the perturbation, we keep only the two main resonances from the Fourier expansion. So, the Hamiltonian, with the dominant resonant modes with poloidal wave numbers m and (m+1), is given as,
The sequence of delta-kicks, in Eq. (1), represents the effect of finite length l of each EML ring, which is typically a small fraction of the toroidal circumference of radius R 0 .
We consider in this work two equilibrium configurations distinguished by two different frequency profiles of
for the twist case, and
for the non-twist case.
The parameters ,  and  are given by  = W/M,  = K 1 /M and  = K 2 /M where, (1) is a polynomial and it allows us to introduce the RT. We choose P(J)=1 to obtain the known Hamiltonian without RT and we also choose P(J)=(J-a) in order to introduce one RT at the position J=a. We emphasize that, for a generic polynomial function, it is possible to have a number of RT equal to the number of real roots of this polynomial. Thus, this procedure enables us to construct a Hamiltonian to study the alterations of the topology of the magnetic field lines at the plasma edge due to the presence of an infinity barrier, a RT, near the tokamak wall.
CONSERVATIVE MAP AND POINCARE SECTION
As the time dependence of the Hamilton equations is in the form of periodic delta-kicks we can define discretized variables and write a two-dimensional map. Initially, the non-twist map without the RT is, On the other hand, for the purpose of this paper, the nontwist map with two resonant modes and one RT is given as, We emphasize that the indices of the discretized variables are adjusted in a consistent way xvii in order to keep the Jacobean equal to one and to have an area-preserving map. In Eq. (6) we could exchange the indices (k+1) and (k) of the variables J and  in order to keep a similarity with Eq. (5), however this would not alter the dynamics. Our choice for the actual form avoided a transcendental equation, which would appear by changing the indices.
For the numerical implementations of the maps presented in Eq. (5) and Eq.(6) we have chosen m=3 and n=1 introducing the resonant modes (1:3) and (1:4). The constant  that appears in the equilibrium Hamiltonian is adjusted for both maps, for the twist field =0 and for the non-twist field =160.15 which value is very close of the one used experimentally in the TCABR.
In Fig.1 (a) we present the twist case and we see the dominant island chain (1:3) and the main secondary resonance (1:4) embedded in chaotic magnetic field lines and several other minor resonances. In this configuration, the magnetic field lines can escape toward the tokamak wall along the chaotic sea around the broken (1:3) island chain. On the other hand, in Fig.1(b) we can see the stabilizing alterations introduced in the magnetic field lines configuration by the RT whose position, J=a=3, is indicated in red color. Note that the chaotic sea near the RT, around the (1:3) island, is suppressed in Fig.1 (b) and the neighborhood around J=3 is more stable than the one of the Fig.1 (a) . The explanation for that is the following, for J=a the perturbed Hamiltonian of Eq.(1) is algebraically null independently of  and  values. We also can see that the first equation of the map, given in Eq.(6), becomes
, defining then the RT, hence by an exigency of continuity, the perturbations are gradually weaker in the linear vicinity of the RT than far from it.
We emphasize that the presence of the RT introduces a local effect, which is seen through the regularization of the dynamics in its neighborhood, and in regions far from the Proceedings of the 9th Brazilian Conference on Dynamics Control and their Applications Serra Negra, SP -ISSN 2178-3667 3 RT the chaotic sea continues to exist. As we can see in Fig.1  (b) the RT traps all magnetic field lines inside the plasma edge avoiding shocks with tokamak wall unlike of the case of Fig.1(a) . Fig.2(a) , the two isochronous resonances (1:3) have already reconnected and they are dimerized and separated by a lot of invariant meandering curves xix . Such invariant curves encircle both sets of surviving islands (1:3) and they exist only in nontwist maps (to be more precise, inside the shearless region). This region traps the magnetic field lines for a long time and hampers the radial diffusion, and the previously termed internal transport barrier (ITB) takes place due to a strong stickiness effect.
In Fig.2 (b) the RT is indicated in red color at the position J = 3 = a and the alterations introduced in the magnetic configuration are noticeable. We still have the two (1:3) and (1:4) island chains, but now an interesting topological rearrangement has occurred, the chaotic sea that there was close to the upper island chain (1:4), in Fig.2 (a) , has been suppressed by the presence of the RT. The magnetic surfaces near the RT remain as invariant curves while in the other side of the ITB, there is a significant destruction of the magnetic surfaces around the low resonance (1:4) . The rigidity of the RT and the local stabilization in its neighborhood are the main results that we address in this work. non-twist case, we fixed the meandering curve, which appears in Fig. 2a without RT, as our reference. From there, we produced the plot of Fig. 2b . For the twist case, the strategy was different since the meandering curve does not exist. We started with the plot of Fig. 1a , without RT, which shows chaos in the neighborhood of both resonances 1:3 and 1:4 but still with some regular structures. Next, in the case with RT, we choose the parameters in order to have a similar chaotic sea around the resonance 1:4. The introduction of the RT causes the resulting difference around the resonance 1:3.
Another evidence of the effect of the position of the RT, determined by the parameter a, is shown in Fig.3 . In Fig.3  (a) we choose the position of the RT, J = 1 = a, closer to the dimerized island chains (1:3), and in Fig.3 (b) we choose, the position of the RT, J = 3.7 = a, upper than the island chain (1:4) with the same parameters of Fig.2(b) . In Fig.3 (a) the islands of the resonance (1:4) are partially destroyed in such way that the magnetic field lines can leave the plasma and reach the tokamak wall. In Fig.3 (b) the islands of the resonance (1:4) are also partially destroyed but the magnetic field lines can not reach the tokamak wall due to the presence of the RT and also due to the stabilized curves in its vicinity. Comparing these configurations with the one shown in Fig.2(b) we see that the position of the RT at J = 3 also keeps the magnetic field lines trapped in an inner region on the tokamak, near the resonance (1:4). 
CONCLUSION
We presented in this paper a symplectic map that describes some alterations of the magnetic field lines inside the tokamak due to the presence of a robust torus at the plasma edge. The map describes the equilibrium magnetic field lines perturbed by resonances created by ergodic magnetic limiters. Theoretically, the robust torus has proved to be an efficient transport barrier that prevented the magnetic field lines to reach the tokamak wall, avoiding plasma-wall interactions. The instabilities in its vicinity have also reduced as well as the destruction of the equilibrium invariant curves, which would be destroyed due to the resonant or natural perturbations.
A possible experimental implementation of a RT in tokamaks requires an active control inside the tokamak by another set of EML rings. Because a RT corresponds to a 3d-surface along the toroidal direction, which remains intact in the middle of many broken magnetic surfaces, we suggest a way to create a robust magnetic surface that mimic a RT.
For instance, we may consider a set of EML rings in order to create a resonance (n:m) at the peripheral region of the plasma from the application of a positive magnetic field. Next we consider another set of EML rings in order to create the same resonance (n:m) at the same position of the first one, but from the application of a negative magnetic field. The superposition of the two identical resonant perturbations, but with opposite magnetic field, may create an invariant magnetic surface, similar to the RT.
The model we are using considers only the effect of a set of four EML, which perturbs the equilibrium magnetic surfaces. However, it is well known that many other perturbations create instabilities and anomalous transport of chaotic particles inside the plasma column, hence the action of a second EML set, with opposite magnetic field, could eliminate the effects of the main resonant mode. This strategy can simulate some existing barrier already observed in experiments, or propose the creation of a new barrier in the tokamak camera.
